We study the 2D Ginzburg-Landau theory for a type-II superconductor in an applied magnetic field varying between the second and third critical value. In this regime the order parameter minimizing the GL energy is concentrated along the boundary of the sample and is well approximated to leading order (in L 2 norm) by a simplified 1D profile in the direction perpendicular to the boundary. Motivated by a conjecture of Xing-Bin Pan, we address the question of whether this approximation can hold uniformly in the boundary region. We prove that this is indeed the case as a corollary of a refined, second order energy expansion including contributions due to the curvature of the sample. Local variations of the GL order parameter are controlled by the second order term of this energy expansion, which allows us to prove the desired uniformity of the surface superconductivity layer.
Introduction
The Ginzburg-Landau (GL) theory of superconductivity, originating in [GL] , provides a phenomenological, macroscopic, description of the response of a superconductor to an applied magnetic field. Several years after it was introduced, it turned out that it could be derived from the microscopic BCS theory [BCS, Gor] and should thus be seen as a mean-field/semiclassical approximation of many-body quantum mechanics. A mathematically rigorous derivation starting from BCS theory has been provided recently [FHSS] .
Within GL theory, the state of a superconductor is described by an order parameter Ψ : R 2 → C and an induced magnetic vector potential κσA : R 2 → R 2 generating an induced magnetic field h = κσ curl A.
The ground state of the theory is found by minimizing the energy functional
where κ > 0 is a physical parameter (penetration depth) characteristic of the material, and κσ measures the intensity of the external magnetic field, that we assume to be constant throughout the sample. We consider a model for an infinitely long cylinder of cross-section Ω ⊂ R 2 , a compact simply connected set with regular boundary.
Note the invariance of the functional under the gauge transformation 2) which implies that the only physically relevant quantities are the gauge invariant ones such as the induced magnetic field h and the density |Ψ| 2 . The latter gives the local relative density of electrons bound in Cooper pairs. It is well-known that a minimizing Ψ must satisfy |Ψ| 2 ≤ 1. A value |Ψ| = 1 (respectively, |Ψ| = 0) corresponds to the superconducting (respectively, normal) phase where all (respectively, none) of the electrons form Cooper pairs. The perfectly superconducting state with |Ψ| = 1 everywhere is an approximate ground state of the functional for small applied field and the normal state where Ψ vanishes identically is the ground state for large magnetic field. In between these two extremes, different mixed phases can occur, with normal and superconducting regions varying in proportion and organization.
A vast mathematical literature has been devoted to the study of these mixed phases in type-II superconductors (characterized by κ > 1/ √ 2), in particular in the limit κ → ∞ (extreme type-II). Reviews and extensive lists of references may be found in [FH3, SS2, Sig] . Two main phenomena attracted much attention:
• The formation of hexagonal vortex lattices when the applied magnetic field varies between the first and second critical field, first predicted by Abrikosov [Abr] , and later experimentally observed (see, e.g., [H et al]) . In this phase, vortices (zeros of the order parameter with quantized phase circulation) sit in small normal regions included in the superconducting phase and form regular patterns.
• The occurrence of a surface superconductivity regime when the applied magnetic fields varies between the second and third critical fields. In this case, superconductivity is completely destroyed in the bulk of the sample and survives only at the boundary, as predicted in [SJdG] . We refer to [N et al] for experimental observations.
We refer to [CR] for a more thorough discussion of the context. We shall be concerned with the surface superconductivity regime, which in the above units translates into the assumption σ = bκ where Θ 0 is a spectral parameter (minimal ground state energy of the shifted harmonic oscillator on the half-line, see [FH3, Chapter 3] ):
(1.5)
From now on we introduce more convenient units to deal with the surface superconductivity phenomenon: we define the small parameter
and study the asymptotics ε → 0 of the minimization of the functional (1.1), which in the new units reads
(1.7)
We shall denote E GL ε := min
with 9) and denote by (Ψ GL , A GL ) a minimizing pair (known to exist by standard methods [FH3, SS2] ).
The salient features of the surface superconductivity phase are as follows:
• The GL order parameter is concentrated in a thin boundary layer of thickness ∼ ε = (κσ) −1/2 . It decays exponentially to zero as a function of the distance from the boundary.
• The applied magnetic field is very close to the induced magnetic field, curl A ≈ 1.
• Up to an appropriate choice of gauge and a mapping to boundary coordinates, the ground state of the theory is essentially governed by the minimization of a 1D energy functional in the direction perpendicular to the boundary.
A review of rigorous statements corresponding to these physical facts may be found in [FH3] . One of their consequences is the energy asymptotics 10) where |∂Ω| is the length of the boundary of Ω, and E both with respect to the function f and the real number α. We proved recently [CR] that (1.10) holds in the full surface superconductivity regime, i.e. for 1 < b < Θ −1
0 . This followed a series of partial results due to several authors [Alm1, AH, FH1, FH2, FHP, LP, Pan] , summarized in [FH3, Theorem 14.1.1] . Some of these also concern the limiting regime b Θ −1 0 . The other limiting case b 1 where the transition from boundary to bulk behavior occurs is studied in [FK, Kac] , whereas results in the regime b 1 may be found in [AS, Alm2, SS1] . The rationale behind (1.10) is that, up to a suitable choice of gauge, any minimizing order parameter Ψ GL for (1.1) has the structure
where (f 0 , α 0 ) is a minimizing pair for (1.11) and (s, τ ) = (tangent coordinate, normal coordinate) are boundary coordinates defined in a tubular neighborhood of ∂Ω with τ = dist(r, ∂Ω) for any point r there. Results in the direction of (1.12) may be found in the above references, in particular [AH, FHP, FH2] . In [CR, Theorem 2 .1] we proved that
(1.13) for any 1 < b < Θ −1 0 in the limit ε → 0. A very natural question is whether the above estimate may be improved to a uniform control (in L ∞ norm) of the local discrepancy between the modulus of the true GL minimizer and the simplified normal profile f 0 τ ε . Indeed, (1.13) is still compatible with the vanishing of Ψ GL in small regions, e.g., vortices, inside of the boundary layer. Proving that such local deviations from the normal profile do not occur would explain the observed uniformity of the surface superconducting layer (see again [N et al] for experimental pictures). Interest in this problem (stated as Open Problem number 4 in the list in [FH3, Page 267] ) originates from a conjecture of X.B. Pan [Pan, Conjecture 1] and an affirmative solution has been provided in [CR] for the particular case of a disc sample. The purpose of this paper is to extend the result to general samples with regular boundary (the case with corners is known to require a different analysis [FH3, Chapter 15] ).
Local variations (on a scale O(ε)) in the tangential variable are compatible with the energy estimate (1.10), and thus the uniform estimate obtained for disc samples in [CR] is based on an expansion of the energy to the next order:
where E 1D (k) is the minimum (with respect to both the real number α and the function f ) of the ε-dependent functional 15) where the constant c 0 has to be chosen large enough and k = R −1 is the curvature of the disc under consideration, whose radius we denote by R. Of course, (1.11) is simply the above functional where one sets k = 0, ε = 0, which amounts to neglect the curvature of the boundary. When the curvature is constant, (1.14) in fact follows from a next order expansion of the GL order parameter beyond (1.12):
where (α(k), f k ) is a minimizing pair for (1.15). Note that for any fixed k 17) so that (1.16) is a slight refinement of (1.12) but the O(ε) correction corresponds to a contribution of order 1 beyond (1.10) in (1.14), which turns out to be the order that controls local density variations.
As suggested by the previous results in the disc case, the corrections to the energy asymptotics (1.10) must be curvature-dependent. The case of a general sample where the curvature of the boundary is not constant is then obviously harder to treat than the case of a disc, where one obtains (1.14) by a simple variant of the proof of (1.10), as explained in our previous paper [CR] .
In fact, we shall obtain below the desired uniformity result for the order parameter in general domains as a corollary of the energy expansion (γ is a fixed constant)
where the integral runs over the boundary of the sample, k(s) being the curvature of the boundary as a function of the tangential coordinate s. Just as the particular case (1.14), (1.18) contains the leading order (1.10), but O(1) corrections are also evaluated precisely. As suggested by the energy formula, the GL order parameter has in fact small but fast variations in the tangential variable which contribute to the subleading order of the energy. More precisely, one should think of the order parameter as having the approximate form (again, up to a suitable choice of gauge)
with f k(s) , α(k(s)) a minimizing pair for the energy functional (1.15) at curvature k = k(s). The main difficulty we encounter in the present paper is to precisely capture the subtle curvature dependent variations encoded in (1.19). What our new result (we give a rigorous statement below) (1.19) shows is that curvature-dependent deviations to (1.12) do exist but are of limited amplitude and can be completely understood via the minimization of the family of 1D functionals (1.15). A crucial input of our analysis is therefore a detailed inspection of the k-dependence of the ground state of (1.15). We can deduce from (1.18) a uniform density estimate settling the general case of [Pan, Conjecture 1] and [FH3, Open Problem 4, page 267] . We believe that the energy estimate (1.18) is of independent interest since it helps in clarifying the role of domain curvature in surface superconductivity physics. It was previously known (see [FH3, Chapters 8 and 13] and references therein) that corrections to the value of the third critical field depend on the domain's curvature, but applications of these results are limited to the regime where b → Θ −1 0 when ε → 0. The present paper seems to contain the first results indicating the role of the curvature in the regime 1 < b < Θ −1 0 . This role may seem rather limited since it only concerns the second order in the energy asymptotics but it is in fact crucial in controlling local variations of the order parameter and allowing to prove a strong form of uniformity for the surface superconductivity layer.
Our main results are rigorously stated and further discussed in Section 2, their proofs occupy the rest of the paper. Some material from [CR] is recalled in Appendix A for convenience.
Notation. In the whole paper, C denotes a generic fixed positive constant independent of ε whose value changes from formula to formula. A O(δ) is always meant to be a quantity whose absolute value is bounded by δ = δ(ε) in the limit ε → 0. We use O(ε ∞ ) to denote a quantity (like exp(−ε −1 )) going to 0 faster than any power of ε and | log ε| ∞ to denote | log ε| a where a > 0 is some unspecified, fixed but possibly large constant. Such quantities will always appear multiplied by a power of ε, e.g., ε| log ε| ∞ which is a O(ε 1−c ) for any 0 < c < 1, and hence we usually do not specify the precise power a.
Main Results

Statements
We first state the refined energy and density estimates that reveal the contributions of the domain's boundary. As suggested by (1.19), we now introduce a reference profile that includes these variations. A piecewise constant function in the tangential direction is sufficient for our purpose and we thus first introduce a decomposition of the superconducting boundary layer that will be used in all the paper. The thickness of this layer in the normal direction should roughly be of order ε, but to fully capture the phenomenon at hand we need to consider a layer of size c 0 ε| log ε| where c 0 is a fixed, large enough constant. By a passage to boundary coordinates and dilation of the normal variable on scale ε (see [FH3, Appendix F] or Section 4 below), the surface superconducting layer
where
can be mapped to
We split this domain into N ε = O(ε −1 ) rectangular cells {C n } n=1,...,Nε of constant side length ε ∝ ε in the s direction. We denote s n , s n+1 = s n + ε the s coordinates of the boundaries of the cell C n :
and we may clearly choose ε = ε|∂Ω| (1 + O(ε)) for definiteness. We will approximate the curvature k(s) by its mean value k n in each cell:
We also denote
respectively the optimal profile and phase associated to k n , obtained by minimizing (1.15) first with respect to 2 f and then to α. The reference profile is then the piecewise continuous function
and we compare the density of the full GL order parameter to g ref in the next theorem. Note that because of the gauge invariance of the energy functional, the phase of the order parameter is not an observable quantity, so the next statement is only about the density |Ψ GL | 2 .
Theorem 2.1 (Refined energy and density asymptotics).
Let Ω ⊂ R 2 be any smooth, bounded and simply connected domain. For any fixed 1 < b < Θ where bl stands for "boundary layer" and 0 < γ ε 1 is any quantity such that
where a > 0 is a suitably large constant related 4 to the power of | log ε| appearing in (2.5). The inclusion in (2.7) follows from (A.6) below and ensures we are really considering a significant boundary layer: recall that the physically relevant region has a thickness roughly of order ε| log ε|.
Theorem 2.2 (Uniform density estimates and Pan's conjecture). Under the assumptions of the previous theorem, it holds
In particular for any r ∈ ∂Ω we have
where C does not depend on r.
Estimate (2.10) solves the original form of Pan's conjecture [Pan, Conjecture 1] . In addition, since f 0 is strictly positive, the stronger estimate (2.9) ensures that Ψ GL does not vanish in the boundary layer (2.7). A physical consequence of the theorem is thus that normal inclusions such as vortices in the surface superconductivity phase may not occur. This is very natural in view of the existing knowledge on type-II superconductors but had not been proved previously.
We now return to the question of the phase of the order parameter. Of course, the full phase cannot be estimated because of gauge invariance but gauge invariant quantities linked to the phase can. One such quantity is the winding number (a.k.a. phase circulation or topological degree) of Ψ GL around the boundary ∂Ω defined as 
Note that the remainder term in (2.12) is much larger than ε −1 |α(k) − α 0 | = O(1) so that the above result does not allow to estimate corrections due to curvature. We believe that, just as we had to expand the energy to second order to obtain the refined first order results Theorems 2.2 and 2.3, obtaining uniform density estimates and degree estimates at the second order would require to expand the energy to the third order, which goes beyond the scope of the present paper.
We had proved Theorems 2.2 and 2.3 before in the particular, significantly easier, case where Ω is a disc. The next subsection contains a sketch of the proof of the general case, where new ingredients enter, due to the necessity to take into account the non-trivial curvature of the boundary. 4 Assuming that (2.5) holds true with an error of order ε| log ε| γ , for some given γ > 0, the constant a can be any number satisfying a > 1 6 (γ + 3).
Sketch of proof
In the regime of interest to this paper, the GL order parameter is concentrated along the boundary of the sample and the induced magnetic field is extremely close to the applied one. The tools allowing to prove these facts are well-known and described at length in the monograph [FH3] . We shall thus not elaborate on this and the formal considerations presented in this subsection take as starting point the following effective functional
where (s, t) represent boundary coordinates in the original domain Ω, the normal coordinate t having been dilated on scale ε, and ψ can be thought of as Ψ GL (r(s, εt)), i.e., the order parameter restricted to the boundary layer. We denote k(s) the curvature of the original domain and have set a ε (s, t) :
14)
15)
· standing for the integer part. Note that a specific choice of gauge has been made to obtain (2.13).
Thanks to the methods exposed in [FH3] , one can show that the minimization of the above functional gives the full GL energy in units ε −1 , up to extremely small remainder terms, provided c 0 is chosen lare enough. To keep track of the fact that the domain A ε = [0, |∂Ω|] × [0, c 0 | log ε|] corresponds to the unfolded boundary layer of the original domain and ψ to the GL order parameter in boundary coordinates, one should impose periodicity of ψ in the s direction.
Here we shall informally explain the main steps of the proof that
where G Aε is the ground state energy associated to (2.13). When k(s) ≡ k is constant (the disc case), one may use the ansatz ψ(s, t) = f (t)e −i(ε
and recover the functional (1.15). It is then shown in [CR] that the above ansatz is essentially optimal if one chooses α = α(k) and f = f k . An informal sketch of the proof in the case k = 0 is given in Section 3.2 therein. The main insight in the general case is to realize that the above ansatz stays valid locally in s. Indeed, since the terms involving k(s) in (2.13) come multiplied by an ε factor, it is natural to expect variations in s to be weak and the state of the system to be roughly of the form (1.19), directly inspired by (2.17).
As usual the upper and lower bound inequalities in (2.16) are proved separately.
Upper bound. To recover the integral in the energy estimate (2.16), we use a Riemann sum over the cell decomposition A ε = Nε n=1 C n introduced at the beginning of Section 2.1. Indeed, as already suggested in (2.4), a piecewise constant approximation in the s-direction will be sufficient. Our trial state roughly has the form
Of course, we need to make this function continuous to obtain an admissible trial state, and we do so by small local corrections, described in more details in Section 4.1. We may then approximate the curvature by its mean value in each cell, making a relative error of order ε 2 per cell. Evaluating the energy of the trial state in this way we obtain an upper bound of the form
where the o(1) error is due to the necessary modifications to (2.18) to make it continuous. The crucial point is to be able to control this error by showing that the modification needs not be a large one. This requires a detailed analysis of the k dependence of the relevant quantities E 1D (k), α(k) and f k obtained by minimizing (1.15). Indeed, we prove in Section 3.1 below that
and, in a suitable norm,
which will allow to obtain the desired control of the o(1) in (2.19) and conclude the proof by a Riemann sum argument.
Lower bound. In view of the argument we use for the upper bound, the natural idea to obtain the corresponding lower bound is to use the strategy for the disc case we developed in [CR] locally in each cell. In the disc case, a classical method of energy decoupling and Stokes' formula lead to the lower bound
where we have used the strict positivity of f k to write
and the "cost function" is
This method is inspired from our previous works on the related Gross-Pitaevskii theory of rotating Bose-Einstein condensates [CRY, CPRY1, CPRY2] (informal summaries may be found in [CPRY3, CPRY4] ). Some of the steps leading to (2.20) have also been used before in this context [AH] . The desired lower bound in the disc case follows from (2.20) and the fact that K k is essentially positive 6 for any k. This is proved by carefully exploiting special properties of f k and α(k). To deal with the general case where the curvature is not constant, we again split the domain A ε into small cells, approximate the curvature by a constant in each cell and use the above strategy locally. A serious new difficulty however comes from the use of Stokes' formula in the derivation of (2.20). We need to reduce the terms produced by Stokes' formula to expressions involving only first order derivatives of the order parameter, using further integration by parts. In the disc case, boundary terms associated with this operation vanish due to the periodicity of ψ in the s variable. When doing the integrations by parts in each cell, using different f k and α(k) in (2.21), the boundary terms do not vanish since we artificially introduce some (small) discontinuity by choosing a cell-dependent profile f kn as reference.
To estimate these boundary terms we proceed as follows: the term at s = s n+1 , made of one part coming from the cell C n and one from the cell C n+1 is integrated by parts back to become a bulk term in the cell C n . In this sketch we ignore a rather large amount of technical complications and state what is essentially the conclusion of this procedure:
and the "modified cost function" is
, and χ n is a suitable localization function supported in C n with χ n (s n+1 ) = 1 that we use to perform the integration by parts in C n . Note that the dependence of the new cost function on both k n and k n+1 is due to the fact that the original boundary terms at s n+1 that we transform into bulk terms in C n involved both u n and u n+1 . The last step is to prove a bound of the form
on the "correction function" I n,n+1 , so that
This allows us to conclude that (essentially)K n ≥ 0 by a perturbation of the argument applied to K kn in [CR] and thus concludes the lower bound proof modulo the same Riemann sum argument as in the upper bound part. Note the important fact that the quantity in the l.h.s. of (2.24) is proved to be small relatively to f 2 kn (t), including in a region where the latter function is exponentially decaying. This bound requires a thorough analysis of auxiliary functions linked to (1.15) and is in fact a rather strong manifestation of the continuity of this minimization problem as a function of k.
The rest of the paper is organized as follows: Section 3 contains the detailed analysis of the effective, curvature-dependent, 1D problem. The necessary continuity properties as function of the curvature are given in Subsection 3.1 and the analysis of the associated auxiliary functions in Subsection 3.2. The details of the energy upper bound are then presented in Section 4 and the energy lower bound is proved in Section 5. We deduce our other main results in Section 6. Appendix A recalls for the convenience of the reader some material from [CR] that we use throughout the paper.
Effective Problems and Auxiliary Functions
This section is devoted to the analysis of the 1D curvature-dependent reduced functionals whose minimization allows us to reconstruct the leading and sub-leading order of the full GL energy. We shall prove results in two directions:
• We carefully analyse the dependence of the 1D variational problems as a function of curvature in Subsection 3.1. Our analysis, in particular the estimate of the subleading order of the GL energy, requires some quantitative control on the variations of the optimal 1D energy, phase and density when the curvature parameter is varied, that is when we move along the boundary layer of the original sample along the transverse direction.
• In our previous paper [CR] we have proved the positivity property of the cost function which is the main ingredient in the proof of the energy lower bound in the case of a disc (constant curvature). As mentioned above, the study of general domains with smooth curvature that we perform here will require to estimate more auxiliary functions, which is the subject of Subsection 3.2.
We shall use as input some key properties of the 1D problem at fixed k that we proved in [CR] . These are recalled in Appendix A below for the convenience of the reader.
Effective 1D functionals
We take for granted the three crucial but standard steps of reduction to the boundary layer, replacement of the vector potential and mapping to boundary coordinates. Our considerations thus start from the following reduced GL functional giving the original energy in units of ε −1 , up to negligible remainders:
where k(s) is the curvature of the original domain. We have set
2) and
3)
· standing for the integer part. The boundary layer in rescaled coordinates is denoted by
The effective functionals that we shall be concerned with in this section are obtained by computing the energy (3.1) of certain special states. In particular we have to go beyond the simple ansätze considered so far in the literature, e.g., in [FH3, CR] , and obtain the following effective energies:
• 2D functional with definite phase. Inserting the ansatz ψ(s, t) = g(s, t)e
in (3.1), with g and S respectively real valued density and phase, we obtain
In the particular case where ∂ s S = α ∈ 2πZ we may obtain a simpler functional of the density alone
However to capture the next to leading order of (3.1) we do consider a non-constant ∂ s S to accommodate curvature variations, which is in some sense the main novelty of the present paper. In particular, (3.7) does not provide the O(ε) correction to the full GL energy. On the opposite (3.6) does, once minimized over the phase factor S as well as the density g. We will not prove this directly although it follows rather easily from our analysis.
• 1D functional with given curvature and phase. If the curvature k(s) ≡ k is constant (the disc case), the minimization of (3.7) reduces to the 1D problem
In the sequel we shall denote
Note that (3.9) includes O(ε) corrections due to curvature. As explained above our approach is to approximate the curvature of the domain as a piecewise constant function and hence an important ingredient is to study the above 1D problem for different values of k, and prove some continuity properties when k is varied. For k = 0 (the half-plane case, sometimes referred to as the half-cylinder case) we recover the familiar
which has been known to play a crucial role in surface superconductivity physics for a long time (see [FH3, Chapter 14] and references therein).
In this section we provide details about the minimization of (3.9) that go beyond our previous study [CR, Section 3.1] . We will use the following notation:
• Minimizing (3.9) with respect to f at fixed α we get a minimizer f k,α and an energy E 1D (k, α).
• Minimizing the latter with respect to α we get some (a priori non-unique) α(k) and some energy E 1D (k).
• Corresponding to E 1D (k) := E 1D (k, α(k)) we have an optimal density f k , which minimizes E 1D (k, α(k)), and a potential
The following Proposition contains the crucial continuity properties (as a function of k) of these objects:
Proposition 3.1 (Dependence on curvature of the 1D minimization problem). Let k, k ∈ R be bounded independently of ε and 1 < b < Θ −1 0 , then the following holds:
Finally, for all n ∈ N,
We first prove (3.13) and (3.14) and explain that these estimates imply the following lemma:
Lemma 3.1 (Preliminary estimate on density variations).
Under the assumptions of Proposition 3.1 it holds
Proof of Lemma 3.1. We proceed in three steps:
Step 1. Energy decoupling. We use the strict positivity of f k recalled in the appendix to write any function f on
We can then use the variational equation (A.1) satisfied by f k to decouple the α , k functional in the usual way, originating in [LM] . Namely, we integrate by parts and use the fact that f k satisfies Neumann boundary conditions to write
Inserting this into the definition of E 1D k ,α and using (A.3), we obtain for any f
In the case α = α(k) we can insert the trial state v ≡ 1 in the above, which gives
in view of the bounds on f k recalled in Appendix A and the easy estimate
for any t ∈ I ε . Changing the role of k and k in (3.19) we obtain the reverse inequality
and hence (3.13) is proved.
Step 2. Use of the cost function. We now consider the case α = α(k ), f = f k and bound from below the term on the second line of (3.17). A simple computation gives
We may now follow closely the procedure of [CR, Section 5.2] : with the potential function F k defined in (A.8) below we have
and hence an integration by parts yields (boundary terms vanish thanks to Lemma A.3) 2 c0| log ε|
We now split the integral into one part running from 0 tot k,ε and a boundary part running from t k,ε to c 0 | log ε|, wheret k,ε is defined in (A.12) and (A.13) below. For the second part, it follows from the decay estimates of Lemma A.2 that c0| log ε| is in fact easier to derive than the corresponding estimate in [CR] because the decay estimates in Lemma A.2 are stronger than the Agmon estimates we had to use in that case. Details are thus omitted. We turn to the main part of the integral (3.21), which lives in [0,t k,ε ]. Since F k is negative we have, using Lemma A.4 and Cauchy-Schwarz,
for any 0 < d ε ≤ C| log ε| −4 . Inserting this bound and (3.22) in (3.17), using (3.20) and (3.21), yields the lower bound
where v = f k /f k and we also used the uniform bound (A.2) to estimate the fourth term of the r.h.s. of (3.17).
Step 3. Conclusion. We still have to bound the first term in the second line of (3.23):
The first two terms are both O(ε|k − k || log ε| ∞ ) thanks to (A.2) applied to f
For the third one we write
Inserting this in (3.23), using again (A.2) and dropping a positive term, we finally get
where we have chosen d ε = | log ε| −5 , which is compatible with the requirement 0 < d ε ≤ C| log ε| −4 . Combining with the estimate (3.13) that we proved in Step 1 concludes the proof of (3.14). To get (3.16) one has to use in addition (A.6), which guarantees that under the assump-
for some constant C independent of ε.
To conclude the proof of Proposition 3.1 there only remains to discuss (3.15). We shall upgrade the estimate (3.16) to better norms, taking advantage of the 1D nature of the problem and using a standard bootstrap argument.
Proof of Proposition 3.1. We write
using the variational equation (A.1) for f k :
where the O(ε|k − k || log ε| ∞ ) is as before due to the replacement of the curvature k ↔ k . Using the same procedure to expand
and combining the result with the above we obtain
Hence it holds
Next we note that thanks to (3.14)
sup
as revealed by an easy computation starting from the expression (3.10). Thus, using (3.16) and the Cauchy-Schwartz inequality,
For the term on the third line of (3.25) we notice that, using the growth of the potentials V k and V k for large t, the integrand is positive iñ
1/2 , c 0 | log ε| for any constant c 1 and ε small enough. On the other hand, combining (3.16) and the pointwise lower bound in (A.6) we have
Splitting the integral into two pieces we thus have
Using this and (3.26) we deduce from (3.25) that 3.27) and combining with the previous L 2 bound this gives
Since we work on a 1D interval, the Sobolev inequality implies
In particular
Then, integrating the bound (3.27) from c 1 (log | log ε|) 1/2 to c 0 | log ε| we can extend (3.28) to the whole interval I ε :
which is (3.15) for n = 0. The bounds on the derivatives follow by a standard bootstrap argument, inserting the L ∞ bound in the variational equations.
Estimates on auxiliary functions
In this Section we collect some useful estimates of other quantities involving the 1D densities as well as the optimal phases. It turns out that we need an estimate of the k-dependence of ∂ t log(f k ), provided in the following Proposition 3.2 (Estimate of logarithmic derivatives). Let k, k ∈ R be bounded independently of ε and 1 < b < Θ −1 0 , then the following holds:
Proof. Let us denote for short
We first notice that the estimate is obviously true in the region where f k ≥ | log ε| −M for any M > 0 finite, thanks to (3.15) and (A.7):
Let t * be the unique solution to f k (t * ) = | log ε| −M (uniqueness follows from the properties of f k discussed in Proposition A.1). To complete the proof it thus suffices to prove the estimate in the region [t * , c 0 | log ε|]. Notice also that thanks to (A.6), it must be that t * → ∞ when ε → 0.
At the boundary of the interval [t * , t ε ] (recall (3.11)), one has
because of Neumann boundary conditions. Hence if the supremum of |g| is reached at the boundary there is nothing to prove. Let us then assume that sup t∈[t * ,tε] |g| = |g(t 0 )|, for some t * < t 0 < t ε , such that g (t 0 ) = 0, i.e.,
Since f k and f k are both decreasing in [t * , t ε ] (see again Proposition A.1) we also have
The variational equations satisfied by f k and f k on the other hand imply (3.34) thanks to (3.14) and (3.15). For the first two terms the estimate (A.7) has also been used for the derivatives f k and f k :
Plugging (3.33) and (3.34) into (3.32), we get the estimate
the result follows immediately. Therefore we can assume that
but we claim that this also implies
a simple computation involving the variational equation (A.1) yields
using (A.7) again. Hence h k (t 0 ) < 0, since V k (t 0 ) 1, which follows from t 0 > t * 1, and therefore (3.37) holds. An identical argument applies to h k and thus to the sum
Finally, the explicit expression of g (t) in combination with (3.37) gives for t ≥ t 0
which implies the result.
The above estimate is mainly useful in providing bounds on quantities of the form 39) alluded to in Subsection 2.2. As announced there, the main difficulty is that we need to show that I k,k is small relatively to f 2 k , which is the content of the following corollary. We need the following notation [0,t k,ε ] :
Note that the monotonicity for large t of f k guarantees that the above set is indeed an interval and thatt k,ε = t ε + O(log | log ε|). 
and, settingt ε := min {t k,ε ,t k ,ε },
Proof. We write
Using the definition of the potential function (A.8) and its properties (A.9), we can rewrite
. (3.44)
We first observe that for any
as it easily follows by combining the monotonicity of f k for t large with its strict positivity close to the origin (see Proposition A.1 and Lemma A.2 for the details). Hence we can bound the last term on the r.h.s. of (3.44) as
since by (3.14)
For the first term on the r.h.s. of (3.44) we exploit the estimate
which can be proven by writing
where we have used (3.45), the estimate |1 − e δ | ≤ |δ|e |δ| , δ ∈ R, and (3.29). Putting together (3.44) with (3.46) and (3.47), we conclude the proof of (3.42).
To obtain (3.29) we first note that since F k (t) ≤ 0, the positivity of 
and the proof is complete.
Energy Upper Bound
We now turn to the proof of the energy upper bound corresponding to (2.5), namely we prove the following:
Proposition 4.1 (Upper bound to the full GL energy). Let 1 < b < Θ −1 0 and ε be small enough. Then it holds
where s → k(s) is the curvature function of the boundary ∂Ω as a function of the tangential coordinate.
This result is proven as usual by evaluating the GL energy of a trial state having the expected physical features. As is well-known [FH3] , such a trial state should be concentrated along the boundary of the sample, and the induced magnetic field should be chosen close to the applied one. Before entering the heart of the proof, we briefly explain how these considerations allow us to reduce to the proof of an upper bound to the reduced functional (3.1). We define
the infimum of the reduced functional under periodic boundary conditions in the tangential direction and prove
Lemma 4.1 (Reduction to the boundary functional).
Under the assumptions of Proposition 4.1, it holds
Proof. This is a standard reduction for which more details may be found in [FH3, Section 14.4 .2] and references therein. See also [CR, Sections 4 .1 and 5.1]. We provide a sketch of the proof for completeness. We first pick the trial vector potential as
where F is the induced vector potential written in a gauge where div F = 0, namely the unique solution of
Next we introduce boundary coordinates as described in [FH3, Appendix F] : let
be a counterclockwise parametrization of the boundary ∂Ω such that |γ (ξ)| = 1. The unit vector directed along the inward normal to the boundary at a point γ(ξ) will be denoted by ν(ξ). The curvature k(ξ) is then defined through the identity
Our trial state will essentially live in the regioñ (4.4) and in such a region we can introduce tubular coordinates (s, εt) (note the rescaling of the normal variable) such that, for any given r ∈Ã ε , εt = dist(r, ∂Ω), i.e., r(s, εt) = γ (s) + εtν(s), (4.5) which can obviously be realized as a diffeomorphism for ε small enough. Hence the boundary layer becomes in the new coordinates (s, t)
We now pick a function ψ(s, t) defined on A ε , satisfying periodic boundary conditions in the s variable. Using a smooth cut-off function χ(t) with χ(t) ≡ 1 for t ∈ [0, c 0 | log ε|] and χ(t) exponentially decreasing for t > c 0 | log ε|, we associate to ψ the GL trial state
Then, with the definition of G Aε as in (3.1), a relatively straightforward computation gives
and the desired result follows immediately. Note that this computation uses the gauge invariance of the GL functional, e.g., through [FH3, Lemma F.1.1].
The problem is now reduced to the construction of a proper trial state for G Aε . To capture the O(ε) correction (which depends on curvature) to the leading order of the GL energy (which does not depend explicitly on curvature), we need a more elaborate function than has been considered so far. The construction is detailed in Subsection 4.1 and the computation completing the proof of Proposition 4.1 is given in Subsection 4.2.
The trial state in boundary coordinates
We start by recalling the splitting of the domain A ε defined in (3.4) into N ε ∝ ε −1 rectangular cells {C n } n=1...Nε with boundaries s n , s n+1 in the s-coordinate such that
We denote
with the convention that s 1 = 0, for simplicity. We will approximate the curvature k(s) inside each cell by its mean value and set
We also denote by α n = α(k n ) (4.9) the optimal phase associated to k n , obtained by minimizing E 1D (α, k n ) with respect to α as in Section 3.1.
The assumption about the smoothness of the boundary guarantees that
Indeed if we assume that sup s∈[0,2π] |∂ s k(s)| ≤ C < ∞ (independent of ε), one gets
We can then apply Proposition 3.1 to obtain
for any finite m ∈ N.
Our trial state has the form
where δ ε is the number (3.3). The density g and phase factor S are defined as follows:
• The density. The modulus of our wave function is constructed to be essentially piecewise constant in the s-direction, with the form f kn (t) in the cell C n . The admissibility of the trial state requires that g be continuous and we thus set: (4.14) where the function χ n satisfies (4.15) the continuity at the s n boundary being ensured by χ n−1 . A simple choice is given by
Note that |k n − k n+1 | ≤ C|s n − s n+1 | ≤ Cε since the curvature is assumed to be a smooth function of s. Clearly, in view of Proposition 3.1 we can impose the following bounds on χ n : (4.17) so that χ n is indeed only a small correction to the desired density f kn in C n .
• The phase. We let
where S loc varies locally (on the scale of a cell) and S glo varies globally (on the scale of the full interval [0, |∂Ω|]) and is chosen to enforce the periodicity on the boundary of the trial state. The term S loc is the main one, and its s derivative should be equal to α n in each cell C n in order that the evaluation of the energy be naturally connected to the 1D functional we studied before. We define S loc recursively by setting: (4.18) which in particular guarantees the continuity of S loc on [s 1 , s Nε+1 [. Moreover we easily compute (recall that s 1 = 0)
The factor S glo ensures that
which is required for (4.13) to be periodic in the s-direction and hence to correspond to a single-valued wave function in the original variables. The conditions we impose on S glo are thus
with . standing for the integer value. Thanks to (4.19), we have
and we can thus clearly impose that S glo be regular and
Remark 4.1 (s-dependence of the trial state)
The main novelty here is the fact that the density and phase of the trial state have (small) variations on the scale of the cells which are of size O(ε) in the s-variable. A noteworthy point is that the phase needs not have a t-dependence to evaluate the energy at the level of precision we require. Basically this is associated with the fact that the t 2 term in (3.2) comes multiplied with an ε factor. The main point that renders the computation of the energy doable is (4.17) and this is where the analysis of Subsection 3.1 enters heavily.
The energy of the trial state
We may now complete the proof of Proposition 4.1 by proving Lemma 4.2 (Upper bound for the boundary functional). With ψ trial given by the preceding construction, it holds
The upper bound (4.1) follows from Lemmas 4.1 and 4.2 since ψ trial is periodic in the s-variable and hence an admissible trial state for G Aε .
Proof. As explained in Subsection 3.1, inserting (4.13) into (3.1) yields
is defined in (3.6). For clarity we split the estimate of the r.h.s. of the above equation into several steps. We use the shorter notation f n for f kn when this generates no confusion.
Step 1. Approximating the curvature. In view of the continuity of the trial function, the energy is the sum of the energies restricted to each cell. We approximate k(s) by k n in C n as announced, and note that since k is regular we have |k(s) − k(s n )| ≤ Cε in each cell, with a constant C independent of j. We thus have
since each k-dependent term comes multiplied with an ε factor.
We may now expand g according to (4.14) in the above expression and use the variational equation (A.1) to cancel the first order terms in χ n . This yields
where we only have to use (4.17) to obtain the final estimate.
Step 4, Riemann sum approximation. Gathering all the above estimates we obtain
(4.29) Indeed, (3.13) implies that inside C n
Recognizing a Riemann sum of N ε ∝ ε −1 terms in (4.29) and recalling that E 1D (k n ) is of order 1, irrespective of n, thus leads to (4.29). Combining (4.23) and (4.29) we obtain (4.22) which concludes the proof of Lemma 4.2 and hence that of Proposition 4.1, via Lemma 4.1.
Energy Lower Bound
The main result proven in this section is the following Proposition 5.1 (Energy lower bound).
Let Ω ⊂ R 2 be any smooth simply connected domain. For any fixed 1 < b < Θ −1 0 , in the limit ε → 0, it holds
We first reduce the problem to the study of decoupled functionals in the boundary layer in Subsection 5.1 and then provide lower bounds to these in Subsection 5.2, which contains the main new ideas of our proof.
Preliminary reductions
As in Section 4, the starting point is a restriction to the boundary layer together with a replacement of the vector potential. We refer to the proof of Lemma 4.1 and in particular (4.5) for the definition of the boundary coordinates.
Lemma 5.1 (Reduction to the boundary functional). Under the assumptions of Proposition 5.1, it holds
2) with ψ(s, t) = Ψ GL (r(s, εt)) in A ε and G Aε is the boundary functional defined in (3.1)
Proof. A simplified version of the result for disc samples is proven in [CR, Proposition 4.1] , where a rougher lower bound is also derived for general domains. This latter result is obtained by dropping the curvature dependent terms from the energy, which was sufficient for the analysis contained there. Here we need more precision in order to obtain a remainder term of order o(ε). We highlight here the main steps and skip most of the technical details. A suitable partition of unity together with the standard Agmon estimates (see [FH1, Section 14.4 ]) allow to restrict the integration to the boundary layer:
where Ψ 1 is given in terms of Ψ GL in the form Ψ 1 = f 1 Ψ GL for some radial 0 ≤ f 1 ≤ 1 with support containing the setÃ ε defined by (4.4) and contained in {r ∈ Ω | dist(r, ∂Ω) ≤ Cε| log ε|} for a possibly large constant C. The constant c 0 in the definition (4.4) of the boundary layer has to be chosen large enough, but the choice of the support of f 1 remains to any other extent arbitrary and one can clearly pick f 1 in such a way that f 1 = 1 inÃ ε and going smoothly to 0 outside of it.
The second ingredient of the proof is the replacement of the magnetic potential A GL but this can be done following the same strategy applied to disc samples in [CR, Eqs. (4.18 ) -(4.26)], whose estimates are not affected by the dependence of the curvature on s. The crucial properties used there are indeed provided by the Agmon estimates, see below.
The overall prefactor ε −1 is then inherited from the rescaling of the normal coordinate τ = εt in the tubular neighborhood of the boundary. Note here the use of a different convention with respect to both [CR, FH1] , where the tangential coordinate s was rescaled too.
We need to rephrase some well-known decay estimates in a form suited to our needs. The Agmon estimates proven in [FH2, Eq. (12.9) ] can be translated is analogous bounds applying to ψ(s, t) = Ψ GL (r(s, εt)) in A ε : for some constant A > 0 it holds
In addition we are going to use two additional bounds proven in [FH2, Eq. (10.21 ) and (11.50)]:
These bounds imply the following Lemma 5.2 (Useful consequences of Agmon estimates).
Proof. We start by considering the first estimate: let χ(t) be a suitable smooth function with support in [t 1 ,t], with t 1 =t − c, for some c > 0, and such that 0 ≤ χ ≤ 1, χ(t) = 1 and |∂ t χ| ≤ C. Then one has
by (5.4) and the assumption on t 1 andt. Indeed the factor e where the main ingredient is again (5.4) and the assumption ont.
We now introduce some reduced energy functionals defined over the cells we have introduced before, see Subsection 4.1 for the notation. In each cell we write 9) and introduce the reduced functionals
(5.10) with
and
Note that in (5.10) the curvature is approximated by its mean value in the cell C n . These objects play a crucial role in the sequel, as per Lemma 5.3 (Lower bound in terms of the reduced functionals). With the previous notation
Proof. With the above cell decomposition, we can estimate
, (5.15) and a n (t) :
The remainder term has been estimated as follows: the replacement of k(s) by k n produces two different rests which can be estimated separately, i.e.,
In estimating the first error term (5.17), we use the fact that
and the bounds (5.5) together with the cell size. For the second estimate the same ingredients are sufficient as well, in addition to the simple bound sup (s,t)∈Cn
Inside any given cell C n we can then decouple the functional in the usual way (see [CR, Lemma 5 .2] for a statement in this context) to obtain
The first term in (5.19) is a Riemann sum approximation of the leading order term in (5.1): using (4.30), we immediately get (5.20) which concludes the proof.
Lower bounds to reduced functionals
In view of our previous reductions, the final lower bound (5.1) is a consequence of the following lemma
Lemma 5.4 (Lower bound on the reduced functionals).
With the previous notation, we have
Proposition 5.1 now follows by a combination of Lemmas 5.1, 5.3 and 5.4 because the two sums in the right-hand side of (5.21) are positive. These terms will prove useful to obtain our density and degree estimates in Section 6.
We can now focus on the proof of Lemma 5.4, which is the core argument of the proof of Proposition 5.1.
Proof of Lemma 5.4. The proof is split into two rather different steps. In the first one we essentially follow the strategy of [CR, Section 5 .2] to control the main part of the only potentially negative term in (5.10). This is done locally inside each cell and uses mainly the positivity of the cost function, Lemma A.4. This strategy however involves an application of Stokes' formula and subsequent further integrations by parts to put the so obtained terms in such a form (involving only first order derivatives, see (5.26)) that they can be compared with the kinetic one. This produces unphysical surface terms located on the boundaries of the (rather artificial) cells we have introduced. The second step of the proof consists in controlling those, which requires to sum them all and reorganize the sum in a convenient manner. It is in this step only that we cease working locally inside each cell.
Step 1. Lower bound inside each cell. First, we split the integration over two regions, one where a suitable lower bound to the density f n holds true and another one yielding only a very small contribution. More precisely we set
Note that the monotonicity for large t of f n (see Proposition A.1) guarantees that
Now we use the potential function F n (t) defined as 24) and compute
where we have exploited the vanishing of F n at t = 0 and t = t ε . Now we split the r.h.s. of the above expression into an integral over D n := C n \ R n and a rest. In order to compare the first part with the kinetic energy and show that the sum is positive, we have to perform another integration by parts:
The first term in (5.26) can be bounded by using some kinetic energy:
where we have used the inequality ab ≤ 1 2 (δa 2 +δ −1 b 2 ) and the negativity of F n (t) (see Lemma A.3). Combining the above lower bound with (5.10) and (5.14) and dropping the part of the kinetic energy located in R n , we get
is the cost function defined in (A.10), for some given d ε , satisfying (A.11). The third term in (5.28) is bounded from below by a quantity smaller than any power of ε, provided c 0 is chosen large enough. This is shown using the same strategy as in [CR, Eq. (5.21) and following discussion]
and we skip the details for the sake of brevity. For the first term we use the positivity of K n provided by Lemma A.4. We then conclude
and there only remains to bound the first term on the r.h.s. from below. We are not actually able to bound the term coming from cell n separately, so in the next step we put back the sum over cells.
Step 2. Summing and controlling boundary terms. We now conclude the proof of (5.21) by proving the following inequality:
Grouping (5.30) and (5.31), choosing d ε = 2| log ε| −4 (which we are free to do) concludes the proof. We turn to our claim (5.31). Once we have put back the sum over all cells the idea is to associate the two terms evaluated on the same boundary, which come from two adjacent cells and therefore contain two different densities:
where, assuming without loss of generality thatt n,ε <t n+1,ε ,
If on the other handt n,ε >t n+1,ε , in (5.32)t n,ε should be replaced witht n+1,ε and in place of R n one would find
In other words the remainder R n is inherited from the fact that the decomposition C n = D n ∪ R n clearly depends on n and the boundary terms in (5.32) do not compensate exactly. However it is clear from what follows that the estimate of such a boundary term is the same in both cases and essentially relies on the second inequality in (5.6): recalling that
for any t ≤t n+1,ε , we have
where we have used the bounds (5.5) and (A.7), i.e., |f n+1 | ≤ | log ε| 3 f n+1 (t). The identity (5.32) hence yields
Using now the definitions (5.9) of u n and u n+1 , we get
where we have set
Then we can compute
but we know that the l.h.s. of the above expression is real, so that we can take the real part of the identity above obtaining
(5.39) To estimate the r.h.s. we integrate by parts back by introducing a suitable cut-off function. Let, for any given n = 1, . . . , N ε , χ n (s) be a suitable smooth function, such that
We can rewrite
where we have set for short (compare with (3.39))
(5.42)
The first contribution to (5.41) can be cast in a form analogous to (5.27):
The first term on the r.h.s. can be handled as we did for (5.27):
where we have used (3.42) with k = k n , k = k n+1 and recalled that |k n − k n+1 | ≤ Cε to bound I n,n+1 . The last term in (5.43) can be easily shown to provide a small correction: using (3.42) again yields |I n,n+1 (t n,ε )| ≤ Cε| log ε| ∞ f 2 n (t n,ε ), so that by (5.6) and (5.23)
where we have estimated the s-derivative of ψ by means of (5.5). Hence, combining (5.43) with (5.44) and (5.46), we can bound from below (5.41) as
We can now turn to the proof of the estimate of the winding number of Ψ GL along ∂Ω.
Proof of Theorem 2.3. Thanks to the positivity of g ref at t = 0 (see Lemma A.2) and the result discussed above, Ψ GL never vanishes on ∂Ω and therefore its winding number is well defined. The rest of the proof follows the lines of [CR, Proof of Theorem 2.4] . A minor modification is due to the cell decomposition and the use of a different decoupling in each cell: the analogue of [CR, Lemma 5.4 ] is the following To see that, we introduce a tangential cut-off function χ(t) with support contained in [0, | log ε| −1 ] and such that 0 ≤ χ ≤ 1, χ(0) = 1 and |∂ t χ| = O(| log ε|). Then we compute The three terms on the r.h.s. of the above expression are going to be bounded independently. We first observe that, exactly like we derived (6.1), one can also extract from the comparison between the energy upper and lower bounds (see (5.21)) the following estimate:
Nε n=1 Cn dsdt (1 − εk n t) f 2 n |∂ t u n | 2 + 1 (1−εknt) 2 |ε∂ s u n | 2 ≤ Cε 2 | log ε| ∞ . (6.10)
Then we can estimate the absolute value of the first two terms on the r.h.s. of (6.9) by using the Cauchy-Schwarz inequality (1−εknt) 2 |∂ s u n | 2 + |∂ t u n | 2 , (6.11)
where we have exploited the pointwise lower bound (A.6), which implies f n (t) ≥ C > 0 for any t ∈ [0, | log ε| −1 ] and n = 1, . . . , N ε , to put back the density f dt |ψ||∂ s |ψ|| ≤ C| log ε| ∞ , (6.13) thanks to (3.15), the already mentioned lower bound on f n in [0, | log ε| −1 ] and the standard bound ∇ψ ∞ ≤ Cε −1 (see, e.g., [FH3, Eq. (11.50)] ). Hence (6.7) is proven and the rest of the proof is just a repetition of the estimates in [CR, Proof of Theorem 2.4] . Note that, as already anticipated in the comments after Theorem 2.3 α n = α 0 (1 + O(ε)), so that the optimal phases α n can all be replaced with α 0 .
A Useful Estimates on 1D Functionals
Here we recall some preliminary results obtained in [CR] . We start in Subsection A.1 with elementary properties of the minimizing 1D profiles and carry on in Subsection A.2 by recalling the crucial positivity property of the cost function we mentioned in Subsection 2.2.
A.1 Properties of optimal phases and densities
This subsection contains a summary of results on the 1D minimization problem that follow from relatively standard methods. We start with the well-posedness of the minimization problem at fixed α. The following is [CR, Proposition 3 .1].
Proposition A.1 (Optimal density f k,α ). For any given α ∈ R, k ≥ 0 and ε small enough, there exists a minimizer f k,α to E We also use some decay and gradient estimates for the minimizing density. The following is a combination of [CR, Proposition 3.3 A.2 Positivity of the cost function
A less standard part of our analysis in [CR] is the introduction of a cost function K k whose positivity is one of the crucial ingredients of the energy lower bounds in the present paper. Let us first recall the definition of the potential function associated with f k : The cost function that naturally enters the analysis is then The positivity property we exploit is proved in [CR, Proposition 3.5] . Let I k,ε := t ∈ I ε : f k (t) ≥ | log ε| 3 f k (t ε ) , (A.12) which is an interval in the t variable, i.e.,Ī 
